We study the generalized α attractor model in the context of the late time cosmic acceleration. The model interpolates between the scaling freezing and thawing dark energy models. In the slow roll region, the original potential is modified whereas the modification ceases in the asymptotic region and the effective potential behaves as the quadratic one. In our setting, the field rolls slowly around the present epoch and mimics the scaling behavior in the future. We obtain observational constraints on the model parameters by using an integrated data base (SN+Hubble+BAO+CMB).
I. INTRODUCTION
The past two decades of tremendous activities in observational cosmology motivated theorists to consider various theories of gravity. This leads to a plethora of cosmological models at the theoretical ground. The observations of Type Ia supernovae by the Supernova Cosmology Project and the High-Z Supernova Search Team provided strong evidence about the currently accelerated expansion of the Universe (against the presumed decelerating expansion caused by gravity). Baryon acoustic oscillations and results from the clustering of galaxies yielded more confirmatory evidences to this acceleration. Nowadays the concept of the late time cosmic acceleration has become a fundamental ingredient for theorists in modeling the Universe. The idea of the late time cosmic acceleration is mainly attributed to the presence of some mysterious entity commonly referred to as Dark Energy [1] [2] [3] [4] [5] [6] [7] [8] . Although there have been developed several ideas to explain the cosmic acceleration, the theory of Dark Energy is much more successful to explaining various phenomena. On the other hand, primordial inflation has taken a special status in explaining the origin of the anisotropies in the cosmic microwave background radiation (CMBR) and the formation of the large scale structure. The origin of both the early and late time inflation still represents a great theoretical puzzle which motivates theorists to invoke scalar fields to explain the two inflationary phases simultaneously. During the past three and half decades, a wide variety of inflationary models have been proposed, among which "cosmological attractors" was discovered very recently. These belong to a very broad class which incorporates the conformal attractors [9, 10] , alpha attractors [11] [12] [13] [14] [15] , and also includes scalar field cosmological models such as the Starobinsky model [16] [17] [18] [19] [20] , the chaotic inflation in super-gravity (GL model) [21] [22] [23] , Higgs inflation [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] and axion monodromy inflation [34] [35] [36] [37] [38] [39] [40] [41] . All these have a mysterious fact in the context of recently released results obtained by WMAP and Planck data [42] [43] [44] [45] that they provide the very similar cosmological predictions, although they have different origins. For conformal attractors, they predict that, for a large number of e-folds N , the spectral index and tensor-to-scalar ratio are given by n s = 1 − 2/N ; r = 12/N 2 . For N ∼ 60, these predictions are n s ∼ 0.967, r ∼ 0.003, while for N ∼ 50, n s ∼ 0.96, r ∼ 0.005, which are in very good agreement with WMAP and Planck data. For α attractors, the slow roll parameters n s and r can be written as n s = 1 − 2/N, r = 12α/N 2 for small α, and n s = 1 − 2/N, r = 12α/(N (N + 3α/2)) for large α, where N is the number of e-folds between the end of inflation and horizon-crossing, and its numerical value lies in the range 50 ≤ N ≤ 60. These models can be used not only for inflation but also for the late time cosmic acceleration [46] [47] [48] [49] [50] [51] [52] [53] . In this paper, we shall study the generalized α attractor model in the context of the late time cosmic acceleration.
The paper is organized as follows. In Section II, we present the basics of the α attractor models. Section III displays the evolution equations of the scalar field in the autonomous form and addresses the issue of the cosmological attractor. In Section IV, we use the joint data to carry out observational analyses and obtain constraints on the model parameters. Our results are summarized in Section V.
II. α -MODELS
Here, we focus on the minimally coupled alpha attractors which are of more interest as they play an important role in cosmology to investigate the dark energy properties and to evaluate if these models can explain the late time cosmic acceleration. In the Einstein frame, the Lagrangian density of the alpha attractor model takes the form,
with a real scalar field ϕ. Despite of the changes in the inflaton potential and an arbitrary function f (ϕ), this class of models has similar striking results for the primordial scalar perturbation tilt and tensor-to-scalar ratio. For α = 1, the Starobinsky model is recovered. We would like to note that the kinetic and potential energies have the same overall coefficient α. The kinetic term is not canonical, but can be so through a field redefinition φ = √ 6α tanh
. We are interested in the dynamics of the scalar field and the evolution of its equation of state, and see whether it explains the late-time cosmic acceleration.
Two functional forms of f have been employed for inflation,
and
The first one is known as the T model and the second one is the Starobinsky model (α=1). Both models are identical at small φ and behave as the quadratic potential near the origin. We consider a generalized α model given by [54] 
where c is a constant, α is a parameter, and n is a number which can take the values n = 0, 1, 2, 3, ... Therefore, the potential of the generalized α model becomes
As φ → ∞, the potential becomes constant (flatten), and as φ → 0, it behaves as a quadratic potential (see Figure 1 ).
III. EVOLUTION EQUATIONS AND ATTRACTORS
Caldwell and Linder [55] revealed that the scalar field models can be divided into two categories: the fast roll (freezing) and slow roll (thawing) models. A freezing model is such that, during the matter/radiation era, the field mimics the background and remains sub-dominant. Only at late times, the field exits to late time cosmic acceleration. The freezing models remain independent for a wide range of initial conditions. This class corresponds to tracking freezing model. The another sub-class of freezing models is associated with the scaling solutions [56] . In this case, the energy density of the scalar field scales with the background energy density during most of the matter era.
In contrast, the thawing models are alike to inflaton that derives the acceleration of the Universe at early epoch. In the thawing models, the scalar field is initially frozen due to a large Hubble damping and behaves as a cosmological constant with w ≈ −1. At late times the Hubble damping decreases and the scalar field slowly thaws from the frozen state and deviates from behavior of the cosmological constant. The figure exhibits the evolution of the field φ, energy density ρ and equation of state w versus the redshift z. The dot-dashed, dashed, solid, and dotted lines correspond to the evolution of φ, ρ φ and w for α = 0.05, 0.1, 1, 10, respectively. The big dashed (−) lines represent the evolution of the energy densities of matter and radiation. In the upper and lower left panels, the field evolves from plateau region, as the time passes, it approaches to origin and gives rise to oscillating behavior. The upper and lower middle panels show that, initially the field energy density ρ φ is sub-dominant and remains so for almost all of the period of the evolution. At late times, ρ φ catches up with the energy density of the background (big dashed lines) and eventually overtakes it. Around the present epoch, ρ φ lies in the thawing region as the field freezes due to a large Hubble damping, and in future it scales with the background. The upper and lower right panels show the evolution of the equation of state w. At the present epoch, it acts as a thawing, and in future as the field approaches to origin, the equation of state oscillates between +1 and −1, and the system spends most of the time around w = ±1. The upper panels are plotted for Ω0m = 0.3, c = 7MpH0 and n = 0 whereas the lower panels are for Ω0m = 0.3, c = 12MpH0 and n = 1. Thawing models are much sensitive to initial conditions. Some of the models of this class have been studied in [57, 58] . The thawing, tracker and scaling models have been discussed in [59] .
The α attractor models seem to combine these two classes in one way. We consider the potential given by equation (5), which has the following asymptotic form
This is an uplifted exponential potential and studied as the inflationary models [21] [22] [23] . The exponential potential falls in the freezing class and approaches to a cosmological constant.
This is the quadratic potential, falls in the thawing class and deviates from the cosmological constant. The analytical solution of the average equation of state for the power-law potential
For the quadratic potential p = 1, therefore, in this case, as φ approaches to the origin, the time average equation of state during the oscillations is given by < w >= 0. The equations of motion are obtained by varying the Lagrangian density (1) with equation (5) have the following formsȧ
where a prime ( ′ ) denotes the derivative with respect to φ. In the following discussions we shall use the dimensionless variables
Using these new dimensionless variables, we can cast equations (9) and (10) as a system of the first-order equations
The prime ( ′ ) denotes the derivative with respect to ln(a), and the function h(Y 1 , Y 2 ) is given by,
Here, Ω 0r and Ω 0m are the energy density parameters of radiation and matter, respectively at the present epoch. We solve the evolution equations (12) and (13) As the field evolving from the flatten region approaches the origin, the energy density ρ φ undershoots the background and begins as thawing dark energy along with thawing behavior as the field freezes due to a large Hubble damping, and it lies in the thawing region even at the present epoch. However, in the future it switches over and converts to the scaling freezing behavior (see Figure 2) .
The upper and lower right panels of Figure 2 show that the field oscillates most time between w = ±1, and correspondingly the average equation of state is < w >= 0 at the attractor point (see Figure 3) , which is consistent with the analytical result (8) for a quadratic potential. Figure 4 demonstrates the 1σ (dark shaded) and 2σ (light shaded) likelihood contours in the α − Ω 0m , α − c and Ω 0m − c planes with two different values of n, for the generalized α attractor model. The joint data (SN+Hubble+BAO+CMB) have been used to carry out the observational analysis. The best-fitting values of the model parameters for two distinct values of n are shown in Table I .
Our study shows that the α attractor model behaves as a φ 2 potential when the scalar field approaches to origin. Before reaching the oscillatory phase, it has a slow-roll regime, which provides the late-time cosmic acceleration at the present epoch. Similar results can be obtained, if we use the φ 2 potential rather than the α attractor. To confirm this, we consider the quadratic potential We numerically evolve Eqs. (12) and (13) with (15) . The results are presented in figure 5 . The top and bottom left panels show the evolution of φ, ρ φ and w versus the redshift. One can clearly see that before reaching the oscillatory phase, the field has a slow-roll regime, which gives the late-time cosmic acceleration at the current epoch. The bottom right panel exhibits the 1σ (dark shaded) and 2σ (light shaded) likelihood contours in the V 0 − Ω 0m plane. The best-fit values of the model parameters are found to be V 0 = 1.3534 and Ω 0m = 0.2846. The best-fit values of Ω 0m for the quadratic potential and α model almost coincide, see Table I . Therefore, both models provide a similar late-time cosmic acceleration at the present epoch, and are consistent with current observations.
IV. DATA ANALYSIS
We employ the χ 2 analysis to constrain the model parameters. One can use the maximum likelihood method and get the total likelihood for the parameters α, Ω 0m and c as the product of individual likelihood for different datasets. The total likelihood function for joint data is given by
where
is related to Type Ia supernova (SN), data of Hubble parameter, Baryon Acoustic Oscillation (BAO) and Cosmic Microwave Background (CMB) data. The best fit value of the parameters is acquired by minimizing χ 2 tot with respect to α, Ω 0m and c. The likelihood contours in 1σ and 2σ confidence level are given as 2.3 and 6.17, respectively, in the two dimensional parametric space.
A. Type Ia Supernova
To study the Universe on a very large scale, Type Ia supernova is considered as an ideal astronomical object. They are very bright and the luminosity distance can be determined upto the redshift z ≃ 1.4. They have almost the same luminosity which is redshift-independent. Hence Type Ia supernova are observed as very good standard candles.
The Type Ia supernova is one of the direct probe for the cosmological expansion. We take 580 data points of latest Union2.1 compilation data [60] . In this case, one measures the apparent luminosity of the supernova explosion. The most appropriate quantity is the luminosity distance D L (z) defined as
In reality, the distance modulus µ(z) is the observed quantity which is directly related to the
, where M and m are the absolute and apparent magnitudes of the Supernovae and µ 0 = 5 log
Mpc + 25 is a nuisance parameter which should be marginalized. Therefore, the corresponding χ 2 can be written as
where µ obs , µ th and σ µ represent the observed, theoretical distance modulus and uncertainty in the distance modulus respectively; θ represents any arbitrary parameter of the particular model. Eventually marginalizing µ 0 and following reference [61] , we get
where,
B. The Hubble Parameter H(z)
The Hubble Parameter H(z) represents the expansion history of the Universe and plays a key role in joining the cosmological models and observations. Recently, Farooq and Ratra [62] compiled 28 data points for H(z) in the redshift range 0.07 ≤ z ≤ 2.3 which are given in Table II . To complete the data set we take H 0 = 67.8 ± 0.9 Km/S/M P c from Planck results [? ] . We shall work with the normalized Hubble parameter, h = H/H 0 and apply the data to the model. In this case, the χ 2 is defined as where h obs and h th are respectively the observed and theoretical values of the normalized Hubble parameter. Also,
where σ H and σ H0 are the errors associated with H and H 0 respectively.
C. Baryon Acoustic Oscillation (BAO)
The early Universe composed of photons, baryons and dark matter. Photons and baryons are tightly coupled to one another through Thompson scattering, and act as a single fluid. This fluid can not collapse under gravity but it can oscillate, due to the large pressure furnished by the photons. These oscillations are known as BAO, which are the consequences of photon-baryon coupling at redshift larger than z = 1090.
The characteristic scale of these oscillations is governed by the sound horizon r s at the photon decoupling epoch, given as:
where Ω 0b and Ω 0γ are the present values of baryon and photon density parameter respectively, and z * is the redshift of photon decoupling. The BAO sound horizon scale can be used to derive the angular diameter distance D A and the Hubble expansion rate H as a function of redshift. By measuring the subtended angle ∆θ, of the ruler of length r s , these parameters are defined as follows: where ∆θ is the measured angular separation of the BAO feature in the 2 point correlation function of the galaxy distribution on the sky, and
where ∆z is the measured redshift separation of the BAO feature in the 2 point correlation function along the line of sight. We work with BAO data of [70] [71] [72] [73] [74] [75] , where z ⋆ ≈ 1091 is the decoupling time, d A (z) is the co-moving angular-diameter distance and
the dilation scale. Data needed for this inspection is shown in Table III . The corresponding χ 2 BAO is given as [75] :
where 
and C −1 is the inverse covariance matrix defined as in [75] . 
D. Cosmic Microwave Background (CMB) distance information
The CMB measurement is sensitive to distance to the last scattering surface (decoupling epoch) via the positions of peaks and troughs of acoustic oscillations. Following the WMAP results [76] , the distance information incorporates the "shift parameter" R, "acoustic scale" l A and the redshift of last scattering surface z ls , where R and l A are the ratio of angular diameter distance to the last scattering surface epoch over the Hubble horizon and the sound horizon at surface of the last scattering, and are given by
where χ(z ls ) is the co-moving distance to z ls and χ s (z ls ) is the co-moving sound horizon at z ls . The shift parameter R can also be computed theoretically using the formula
From equation (34), we observe that R is related to the matter density as well as the expansion history of the Universe until the redshift of the surface of the last scattering, z ls , which is computed through the fitting function [77] :
where g 1 and g 2 are defined as
g 2 = 0.56 1 + 21.1(Ω b h 2 ) 1.81 .
The corresponding χ 2 can be written as
where R(θ) depends on the model parameter θ and R 0 = 1.725 ± 0.018 [76] .
V. CONCLUSION
In this paper, we have investigated the generalized α attractor model that leads to the cosmological attractor behavior and can interpolate between the thawing and scaling freezing models. At the present epoch, it behaves as a thawing model whereas in the future it possesses scaling freezing behavior. In Figure 2 , the dynamics of the scalar field and energy density ρ φ are shown for α = 0.05, 0.1, 1, 10. The evolution of ρ φ starts off as a thawing dark energy along with thawing behavior, and even at the present epoch it lies in the thawing region. But in the future it switches over and turns to the scaling regime, which is cosmological attractor. For small values of the scalar field φ, the generalized α attractor model mimics the power law behavior V (φ) ∼ φ 2 and produces oscillations of φ near the origin which are reflected in the behavior of the equation of state w (see Figure 2) , and correspondingly the average equation of state parameter is < w >= 0 (see Figure 3) . In our setting, the scalar field remains in the slow roll regime but mimics the scaling behavior in the future. We considered two cases n = 1, 2, and used the joint data (SN+Hubble+BAO+CMB) to obtain the observational constraints on the model parameters. The best-fitting values of the model parameters for n = 1, 2 are α = 0.0715, Ω 0m = 0.2841 and c = 11.4884, and α = 0.0720, Ω 0m = 0.2849 and c = 22.0320, respectively.
We also considered the quadratic potential in order to compare with the results obtained from the α model. Figure 5 showed the evolution of φ, ρ φ and w versus the redshift, and the 1σ (dark shaded) and 2σ (light shaded) likelihood contours in the V 0 − Ω 0m plane. The best-fit values of the model parameters are found to be V 0 = 1.3534 and Ω 0m = 0.2846. The best-fit values of Ω 0m for both models are almost the same. Hence, in view of the current observations, both models are viable, and provide the late-time cosmic acceleration at the present epoch.
